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Nomenclature

a,2c,d = radius, cavity length, and central rod radius, re-
spectively

C; = constants, —2/ck;?

F = amplitude of the moment applied to the gyroscope
by the liquid, Eqgs. (1) and (5)

g = acceleration due to gravity

iz = unit vector in positive Z direction

J = longitudinal mode number; j = 0, 1,2 ...

ks = =( + 1)/2

I,m,n = direction cosines of z’ with respect to z, y, 2

LT = axial and transverse (with respect to axes through
0) moments of inertia of the gyroscope

M, = a constant moment coefficient, Eq. (1)

0XYZ = inertial coordinate system, Z vertical

Oxyz = rectangular coordinate system which rotates
about the vertical z axis with speed @, Fig. 1

Oz'y'2’ = rectangular coordinate system attached to the
gyroscope rotor; 2’ is symmetry axis of rotor,
Fig. 1

P = pressure function, defined after Eq. (3)

,Po = total pressure in the liquid and a constant pressure,
respectively

p* = perturbation pressure in the liquid

R = position vector in the OXYZ frame

R,; = residue at the pole 7.; of the right side of Eq. (14)

Re = a22/» = Reynolds number

r,r! = 72 + y?, and z"? 4 y'?, respectively

s(X,Y) = position vector in planes normal to OZ

t = time

u(u,0,w) = fluid perturbation velocity relative to O0XYZ

utu*t = velocities, see after Eqgs. (29) and (31)

v(up,w) = fluid velocity vector in the Oryz system

X;Z; = constants

ar = yaw growth rate factor, inviscid case

ay = yaw growth rate factor, viscous case

8 = gyroscopic stability factor, 4M,T /L2Q?

da,8d,8c = boundary layer thicknesses

&k = terms defined by Eqgs. (19) and (7), respectively

7 = (s — d) = boundary-layer coordinate at the rod-
liquid interface

A = Ax + iy, the (small) complex yaw of the gyro-
scope with respect to the inertial coordinates
0XYZ

v = kinematic viscosity of the liquid

Ey = linear combinations of the Bessel functions J. v Yy

p = liquid density

T = general nondimensional frequency, normalized by

Q

TriyTNUSTPR = njtl} eigenfrequency of the liquid, and the nuta-
tional and precessional frequencies of the gyro-
scope, all nondimensional
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Tni%Tni*,0n; = the vispous eigenfrequenqy, and its real and
imaginary parts, respectively

¢ = angle in cyclindrical polar coordinates

Q = gpin of the gyroscope

Subscripts

0,1 = inviscid and boundary-layer flows, respectively

n,J = radial and longitudinal mode numbers of the
liquid oscillations

) =d( )di; () =dx )/d?

Introduction

IN the symmetric rotor of a gyroscope, liquid fills an axially
aligned, cylindrical annular cavity (Fig. 1) around a
coaxial rigid rod. We wish to study the stability of motion
of this system. The problem is a companion to the one with-
out the central rigid rod analyzed by Stewartson.! The
significance of these problems resides in the occurrence of
liquid payloads and fuels in gyroscopes and gyroscope-like
devices (e.g., satellites, projectiles, missiles) and the need to
design against violent, unstable motion that can occur if
certain eigenfrequencies 7,; of the rotating liquid are critically
close to the nutational frequency ryu of the gyroscope.
Hence, we must know the appropriate stability criterion and
the r,;. Analysis and evaluation of 7,; for specific cavity
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Fig. 1 a) A cross section of the gyroscope in the plane of
the » — 2z’ axes. b) The rotating coordinate frames.
Rotations depicted are referenced to an inertial frame.
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Fig. 2 Eigenfrequencies of the liquid as functions of
slenderness ratio and rod size for n = 1. See Ref. 3 for a
more detailed tabulation.

geometries are difficult, and results exist for relatively few
cases.! However, for the present problem, analysis was
possible, and extensive computations have been made to
satisfy practical design requirements confronting the authors.
Since the inviscid analysis is parallel in procedure to Stewart-
son’s work,! we shall simply introduce the basic assumptions
and governing equations, sketch the method of solution, and
present the numerically computed results. Then we shall
use Wedemeyer’s® method for taking viscosity into account
and compare the theory to some experimental data.*

A}
Inviscid Analysis

For the gyroscope in Fig. 1, suppose that 1) the container is
completely filled with an inviscid, incompressible liquid; 2)
the mass of the liquid is much smaller than that of the metal
parts of the rotor (frequently true in practice); 3) Q is con-
stant and, with the dimensions of the cavity, satisfies the
relation a? Q2 > gc; 4) the primary motion of the liquid is
rigid-body spin identical to that of the rotor; and 5) any
perturbation of the gyroscope from its sleeping position (spin
axis vertical and stationary) and the associated disturbance to
the rigid-body spin of the liquid are sufficiently small to
justify neglect of terms of the order of squares and products
among the direction cosines I,m,n and the perturbed com-
ponents of fluid velocity u,v,w. With these restrictions we
wish to perform a linear (small-disturbance) stability analysis.
Under our restrictions the equation governing the perturbed
motion is

TX — iQLA — Mo\ = —iF )
where 7 = (—1)V2.  The motion of the liquid is governed by
vv=20 (continuity) 2)

ov/ot + 2Q@ X v = —VP (balance of momentum) (3)

where
PP = p — po — $p0%e? + 4 — @)

Equation (1) is referred to the inertial OXYZ coordinate sys-
tem; Eqgs. (2) and (3), to the rotating Ozyz system. Bound-
ary conditions for the liquid require its normal component of
velocity to match that of the cavity boundary, § thus

ix+my=—w onz' =h=*c¢ 4)
ux + vy = z(ix + my) onr’ = a,d

Analysis of Eqgs. (2-4) shows that the liquid responds to a
disturbance of the gyroscope by excitation of small-amplitude
oscillations superposed on the state of rigid-body spin. The
associated pressure fluctuations acting at the cavity walls

1 A comprehensive coverage of the behavior of rotating liquids
is provided by Ref. 2.

§ The essential difference between our problem and Stewart-
son’s is the boundary condition at »’ = d. He has constant
pressure on an internal boundary.
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produce a moment on the gyroscope. When this moment is
substituted into the right side of Eq. (1), it is found that the
motion of the gyroscope can grow without limit under certain
adverse conditions that involve excitation of an eigenfre-
quency of the liquid.

Solution of the linear Eqs. (2-4) is relatively straightfor-
ward. Following Stewartson’s procedure (separation of
variables), we find the moment to be represented by

= —3I'\ exp(tQrt) (5)

where )\ is a constant and, per assumption (2) (relatively
small liquid mass), many terms of I' vanish, leaving

I'(r) = —2mwpcér/(r + 1) (6)
whereT
o —2
EE z Cjz[aE1(akja)— El (Olk,d)], Cj = c—k*‘z (7)
7=0 J
and
By (akr) = X (akir) + Z;Y (aks); v =01 (8
and

ot = (14 DB = 7/1 = 7 ©)
The constants X ;, Z; are determined by the two relations
(1 — ) (akir)Eolakr) + (1 + 1)Ei(ak;r) =

2rQ2r(1 — 1)(v — 3) r = q,d (10)

so long as the determinant formed by the left-hand sides of
these equations is not zero. The singular circumstance ob-
tains for an infinite set of values of 7 (eigenfrequencies of the
liquid), which depend upon the cavity geometry and mode
numbers n, 7 in the following way:

i = fal(d/a)?, ¢/a(2] + 1)] (11)

We can examine stability by substituting Eq. (5) into Eq.
(1). The result submits to solution by the substitution

N o= hge9rt (12)
and provides
Tr?* — Lt + M,/Q? = T'/Q2 (13)

In view of Eq. (12), we see that instability or stability of the
system relates to whether or not 7, as given by Eq. (13), has a
negative imaginary part. Hence, we wish to examine the
nature of the roots of Eq. (13). With our assumptions, Eq.
(13) becomes

T(r — vyv)(t — rer) = —2wpcér/(r + 1) (14)

where

TNU L 1/2
TPR} = (ﬁ) 1= @ — B (15)

and 8 = 4M,T/(IQ)2 Study of Eq. (14) has shown that
the right-hand side is negligible compared to the left except
when a root 7 is in the vicinity of any of the poles** of the
former. If the right side is negligible, we get as roots, 7avu
and 7pr.  Since the gyroscope is stable as long as 8 < 1 in this
conventional situation, we assume this always is the case.
For roots near a pole, the right side is dominated by the
individual singular term, and Eq. (14) becomes

T(r — rav)(t — Tpr) = —paSR,;2/c(T — Tuj) (16)
Here 7, is the eigenfrequency of the liquid corresponding to
9 This infinite sum must be considered judiciously?; experience

indicates the treatment used here is satisfactory in practice.
#* That is, except for a root of Eq. (14) near any of the 7n;.
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the specific pole in question, and R,; is the residue at the
pole. We now remark that a root of Eq. (16) has negative
imaginary parts only if the root and 7,; are near ryy. Within
current approximations, this root can be evaluated by ex-
panding the left side of Eq. (16) in a Taylor series about 7xv
and discarding all terms of second and higher order in 7 to
obtain:

T(r — rxv)(t — 7ai) + pa®Ro2/c(ryv — 7pr) = 0 (17)
The roots of Eq. (17) are
T2 = v + 7)) E F(rvo — )2 — $IV2 (18)
where
¢ = 4pa®R,;2/cL(1 — B)Y? (19)

One of the roots has a negative imaginary part, and the gyro-
scope is predicted to be unstable, whenever

(rvv — 122 < ¢ (20)

otherwise the system is stable. When the system is un-
stable the nutational component of yaw grows as exp(at),
where

ar = §1¢ = (rov — 725) ]2 (21

Thus, for the inviseid case, the eigenfrequencies of the
liquid depend on the cavity geometry through a relation of
the form of Eq. (11); the liquid-gyroscope motion is stable
except when a liquid eigenfrequency 7,; is near the nutational
frequency of the gyroscope, Eq. (20); in an unstable condi-
tion, the amplitude of the motion behaves as given by Eq.
(21). To use these results, it is necessary to know the specific
form of Eq. (11) and the values of the R,;, both of which are
provided by rather complicated functions, which we have
evaluated?® numerically for selected values of (d/a)2 and n = 1
for 7,,; in the range 0-0.3 (Figs. 2and 3).

Analysis of Viscous Effects

Wedemeyer* determined the effect of viscosity on the
eigenfrequencies and then derived a new stability criterion for
Stewartson’s! problem. The latter step is straightforward
once the new eigenfrequencies 7,;* are known. The assump-
tions and many of the results of Wedemeyer’'s work apply
directly to our problem. Hence, we will derive only the new
results required; specifically, we must account for viscosity
in the presence of the rod-liquid interface. By so doing we
will cover the most important features of Wedemeyer’s ap-
proach. The liquid is assumed to be inviscid except in thin
laminar boundary layers at the liquid-solid interfaces of the
cavity. To begin the analysis, we use the results of the
preceding section and represent the fluid velocity as small
oscillatory motions superimposed upon a rigid body rotation
‘about a vertical axis. Referred to the inertial frame 0XYZ,
the velocity is

VR = Qiz X R 4+ uR;t) (22)
while the equations of motion and of continuity are
ou/ot + iz X u + Qs X V(uizs) —iz X V(us)] +
v(p*/p) = vV (23)
Vou=0 (24)

Solution of Egs. (23) and (24) for appropriate boundary
conditions is found by considering u and p* each to be com-
posed of two parts: The inviscid contribution with ug,pe*
corresponds to the inviscid solution and satisfies Eqs. (23)
and (24) for » = 0. The viscous contribution u;,p,* satisfies
relations derived from Eqs. (23) and (24) upon making the
usual laminar boundary-layer approximations® for large Re.
At the rod-liquid interface the appropriate equations referred
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diameter forn = 1. See Ref. 3 for a more detailed tabula-
tion.

to eylindrical polar coordinates arett

bvl/bt + val/b¢ = vb%l/bn? (25)
bwl/bt + wal/b¢> = v52w1/6n2 (26)
0v1/0¢ + d(sw1)/0Z = — O(su1)/On @27

where n = s — d. Boundary conditions express the no-slip
requirement at s = d and are

Uy + u; = 0at n = 0 (28)
Furthermore, we require
u, = 0at n = ® (29)

The inviseid solution shows that uy = uo*(s,Z) exp[¢(Qrt —
¢)]. If we assume the same functional form for uy, i.e., u; =
w*(s, Z) exp[t(Qrt — ¢)], substitute it into Egs. (25) and (26)
and solve the resulting differential equations subject to the
boundary conditions (28) and (29), we find

0¥ = —op(d)e 1% ¥ = —wy(d)e "/ (30)
where
dd/a = (1 4+ 1)/[2(1 — 7)Re]V? (31)

The inviscid velocity components at s = d are v*(d) and
we*(d).

Next we must integrate Eq. (27). The notations uy, =
wt e~ 7% and u; = wt e gre introduced and used with
Eqgs. (30) and (31) to yield o, = —o,%(d,¢,Z,t) e~7*? and
w = —wet(d,¢,Z,t) e"/%  Substituting these expressions
into (27), integrating with respect to 7, and applying Eq.
(30), we get

sy = —(8d)[0vo* /0 + d(swo?)/0Z])i—a e~ (32)

Equation (32), evaluated at # = 0 in conjunction with the
continuity equation for the inviscid solution (i.e., ¥V-uo = 0),
leads to

[suo + (8d)O(suo)/08]sma = 0O (33)
To an acceptable approximation Eq. (33) is
uo(d) + (Quo/08)smabd = uo(d + 6d) = 0 (34)

Equation (34) embodies the effect of the boundary layer at
the rod-liquid interface. It shows that solution of the viscous
problem with u = 0 at s = d is provided by a corresponding
inviscid solution with boundary condition uo = 0 at s = d
+ 8d. The boundary layer effectively alters the dimensi.on
of the cavity. Parallel results apply for the effects of viscosity
ats = aand Z = A = ¢. Wedemeyer’s earlier work shows

that modified boundary conditions are
uole — 8a) = wolh = (¢ — 6c)] =0 (35)

11 Equations (25-27) are linear, as is Eq. (2{1) wher} v = 0.
Thus, superposition of the solutions 4, + w = u is permissible.
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Fig. 4 Predicted exponential yaw growth rate vs rxu, Eq.
(41) for several Reynolds numbers.

where 8a/a is given by the right side of Eq. (31) and
oc/a = [(1 — )@ — )/ + 12 —
1+ 90+ 7/@ — n)V2]/(1 — 7)2¥2Re¥2 (36)

A Dbasic effect of these viscosity-modified boundary conditions
is a corresponding modification of the eigenfrequencies, which
are representable as

Ta(a,d,c) = Ta;(a — ba,d + 6d, ¢ — &c) 37)

where the 7,; are those that would be given by the inviscid
analysis when the modified boundary conditions are used.
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Fig. 5 Predicted and observed exponential yaw growth
rates vs 7y for three Reynolds numbers.
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Equations (34) and (35) apply so long as |8a|/a « 1, |8¢|/c «
1, and |8d|/d « 1 [usually, this requires that d?Q/» > 0(104)].
Consistent with this requirement, we can write Eq. (37) as

Ta5%(a,d,c) = [l — (8a0/da — 8d0/0d +
8¢0/0¢) Irn;(a,d,c)  (38)

Since da, dd, 6c are complex it is convenient to rewrite Eq.
(88) as

Tni® = Tnj + ATﬂj = Tﬂf* + ia”'j (39)
where
T*nj = Tnj + Real(ATnj)) 61;,]' = Imag(ATﬂj)

Now we can determine 7,;* by using Eq. (38) and Figs. 2
and 3 (or related tables?). (Within current approximations,
it is not necessary to account for changes in the residues R.;.)
Finally, we adopt the assumptions (except for zero viscosity)
leading to Eq. (16) and apply the viscous correction to Eq.
(16) simply by replacing 7.; by 7.;° (= 7a;* +  18,5).
Following arguments identical to those in the inviscid analysis
we find that strongly unstable motion is predicted whenever
To;7 18 near 7yy; in this circumstance, the roots of the equa-
tion are:

T2 = %(’Tnj* + Tav) £ {[(Tw’* — tv0)/2)2 —
(Bni/2)? + 18n;(12;* — Tov)/2 — £Y/4}V2 4 98,;/2  (40)

where ¢ is given by Eq. (19). The yaw growth rate of the
gyroseope is given by the negative imaginary part of Eq. (40),

a, = Pos. Real({{/4 — [(ra;* — 750)/2 +
6;/212} V%) — 8.;/2  (41)

where the amplitude of the gyroscope’s motion behaves as
A « exp(af.t). Maximum growth rate occurs when 7,;* =
TNU.

Experiments and Conclusions

An experimental check has been made with a gyroscope®
having a rotor designed to accommodate liquid-filled cavities
and instrumentation for recording yaw amplitude vs time.
The records are easily reduced to provide rxy and e, of Eq.
(41). Ttis possible to control 7y by adding brass rings to the
rotor; the range available is 0.020 < 7yy < 0.140 in incre-
ments of ~0.001. Experiments were conducted for a set of
three Re’s (Fig. 4) obtained by use of silicon oils of various
viscosities, for a cavity with 2 = 2.481 in., 2d = 0.374 in,,
and 2¢ = 7.110 in., and for a gyroscope with L = 65.04 lb-in.2
(nominal, 8 = 0), and @ = 5000 rpm. Figures 4 and 5 dis-
play the results. Figure 4 also shows the curve for a vs
ravfory = 0 (Re = ). Comparison of this inviseid theory
curve with the data points in Fig. 5 show significant differ-
ences at each Re tested, but in each case, very good agreement
is seen with viseous correction. Thus, the analysis is ade-
quate so long as the amplitude of nutation is small.
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